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Abstract

Let X be a definably compact definable C" manifold and 2 < r < co. We prove that the
set of definable Morse functions is open and dense in the set of definable C” functions on X

with respect to the definable C? topology.
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1. Introduction.

In Morse theory the topological data of
a given space can be described by Morse
functions defined on the space. We refer
the reader to the book by J. Milnor [10] for
Morse theory on compact C'*° manifolds.

Let N = (R, +,-,<,...) be an o-minimal
expansion of a real closed field R. Every-
thing is considered in N, the term “defin-
able” is used throughout in the sense of “de-
finable with parameters in N/, each defin-
able map is assumed to be continuous and
2<r < oo.

General references on o-minimal struc-
tures are [2], [3], also see [13].

Definable €™ Morse functions in an o-
minimal expansion of the standard structure
of a real closed field are considered in [11].

In this paper we consider a definable C”
version of Morse theory in a real closed field
R when 2 <r < 0.

Definable C" manifolds are studied in [11],

[1], and definable C"G manifolds are stud-
ied in [4]. If R is the field R of real numbers,
then definable C"G manifolds are considered
in [8], 7], [6] [5]-

Let Def"(R™) denote the set of definable
C" functions on R"™. For each f € Def"(R")
and for each positive definable function € :
R™ — R, the e-neighborhood N(f;€) of f in
Def"(R") is defined by {h € Def"(R™)||0*(
h—f)] < ¢Va € (NU{O}H", |of < 7},
where o = (aq,...,a,) € (NU{0})", o] =
a1+ 4@, 0%F = axa&. We call the

PR s
topology defined by these e-neighborhoods
the definable C" topology.

Theorem 1.1 (10.7 [1]). Buvery defin-
ably compact definable C™ manifold X is de-
finably C" diffeomorphic to a definable C”

submanifold of some R™.

By Theorem 1.1, we may assume that a
definably compact definable C" manifold X
is a definable C" submanifold of some R".
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As in the above way, we define the definable
C" topology of X.

Theorem 1.2. Let X be a definably com-
pact definable C" manifold. Then the set
of definable Morse functions Def},,...(X) is
open and dense in the set Def"(X) of defin-
able C" functions on X with respect to the
definable C* topology.

Theorem 1.1 is a generalization of [9].

2 . Preliminaries.

Let W7 € R", W5 C R™ be definable
open sets and f : W; — W, a definable
map. We say that f is a definable C" map
if f is of class C". A definable C" map is a
definable C" dif feomorphism if f is a C"
diffeomorphism.

Definition 2.1. A Hausdorff space X is
an n-dimensional definable C™ manifold if
there exist a finite open cover {U;}s_| of X,
finite open sets {Vi}¥_| of R", and a finite
collection of homeomorphisms {¢; : U; —
Vit such that for any i, j with U;NU; # 0,
¢:(U;NU;) is definable and ¢;0¢; " : ¢i(U;N
U;) — ¢;(U; N U,) is a definable C" diffeo-
morphism. This pair ({U;}F_,{¢: : U; —
Vi}E_|) of sets and homeomorphisms is called
a definable C" coordinate system.

A definable C" manifold X is de finably
compact if for every a,b € RU{oo}U{—0o0}
with a < b and for every definable map f :
(a,b) — X, lim, 440 f(x) and lim,_, ¢ f(2)
exist in X.

If R =R, then for any definable C" man-
ifold X of R™, X is compact if and only if it
is definably compact. In general a definably
compact set is not necessarily compact. For
example, if R = Ry, then [0,1]g,,, = {z €
Rayl0 < z < 1} is definably compact but
not compact.

Let X be an m-dimensional definable C"
manifold and f : X — R a definable C”"
function. A point p € X is a critical point
of f if the differential of f at p is zero. If
p is a critical point of f, then f(p) is called
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a critical value of f. Let p be a critical
point of f and (U,¢ : (Up) — (V,0)) a
definable C" neighborhood around p. The
critical point p is nondegenerate if the Hes-
sian of f o ¢! at 0 is nonsingular. Direct
computations show that the notion of non-
degeniricity does not depend on the choice
of a local coordinate neighborhood. We say
that f is a definable Morse function if ev-
ery critical point of f is nondegenerate.

3 Proof of Theorem 1.2

To prove Theorem 1.2, we need the following
results.

Lemma 3.1 (6.3.6 [2]). Let A C R™ be
a definable set which is the union of definable
open subsets Uy, ..., U, of A. Then A is the
union of definable open subsets Wy,..., W,
of A with cla(W;) C U; fori = 1,...,n,
where cla(W;) denotes the closure of W; in
A

Theorem 3.2 ([12]). For a definable
subset of R", it is definably compact if and
only if it is closed and bounded.

Theorem 3.3 (5.8 [1]). Let X C R be
a definable C" manifold. Given two disjoint
definable sets Fy, Fy C X closed in X, there
exists a definable CP function § : X — R

which s 0 ezactly on Fy, 1 exactly on Fy
and 0 < § < 1.

The following result is a definable version
of Sard’s Theorem.

Theorem 3.4 (3.5 [1]). Let X, C R
and Xy C R' be definable C" manifolds of
dimension m and n, respectively. Let f :
X7 — Xy be a definable C" map. Then the
set of critical values of f has dimension less
than n.

By Theorem 3.4, we have the following
lemma.

Lemma 3.5. Let U be a definable open
subset of R™ and f : U — R a definable C"
function. There exist ay,...,a,, € R such
that F(x1,...,xm) = f(x1, ..., xn)—(a121+
<o+ Ty) s a definable Morse function on
U and |a1|, ..., |an| are sufficiently small.
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Let {¢; : U — Vi}%_| be a definable C"
coordinate system of X. By Lemma 3.1,
Theorem 3.2, Theorem 1.1 and X is deﬁn—
ably compact, shrinking {U;}F_,, if neces-
sary, there exists a finite collection {K;}r_,
of definably compact subsets with K; C U;
such that X = U* | K;. From now on we fix
(U, and (KL,

Let f,g: X — R be definable C" func-
tions and € > 0. We say that ¢ is a (C?,¢)
approximation of f on a definably compact
subset K of X if the following three inequal-
ities hold for any point p € K.

|f(p) — 9(p)| <,

A (p)—2(p)|<e1<i<n,

ox; ox;
82 52 ..
Ox;0x; (p) - aziang (p>’ <€ 1 S 2N S n.

Definition 3.6. Let f : X — R be a
definable C" function and ¢ > 0. A defin-
able C" function g : X — R is a (C?¢)
approzimation of f if g is a (C?,€) approz-
imation of f on any K;.

Proposition 3.7. Let C be a definably
compact subset of X, h: X — R a definable
C" function and € > 0 is sufficiently small.
If there are no degenerate critical points of
h in C, then for every definable C" function
h': X — R which is a (C?,¢€) approximation
of h, C does not contain a degenerate crit-
ical point of h'. In particular Def};,. ..(X)
is open in Def"(X) with respect to the de-
finable C? topology.

Proof. We consider in a definable C" coor-
dinate neighborhood (U, (z1,...,%,)). Let
the Hessian of h With respect to (U, (21,
Tm)) be ((% . ) Then h has no degen-
erate crltlcal pomts in C'N K; if and only if
2| o [ 2]+ |det(52R L) > 0 holds
inCnN Kl. Ife>0is sufﬁmently small, then
for any A’ which is a (C?,€) approximation
of h, |2 + - + 2] + |det(a§jg;j)| >0
holds in C'N K;. Thus A’ has no degenerate
critical points in C'N K;. By a similar argu-
ment, h’ has no degenerate critical points in
C=Ur,0NnK,. O

Proof of Theorem 1.2. Proposition 3.7

proves that Def},...(X) isopenin Def"(X).

To prove density of Def},,...(X), we pro-
ceed by induction on [. Let g : X — R
be a definable C" function and ¢ > 0. As-
sume that we have a definable C" function
fi—-1 : X — R such that f;_; has no degen-
erate critical points in C;_; := UﬁjKi and
it is a (C?,d;_1) approximation of g, where
0;—1 > 0 is sufficiently smaller than e.

We consider a definable C" coordinate
neighborhood (U, (x4, ..., %,)). By Lemma
3.5, there exist ay,...,a,, € R such that
f(z1, ..., xn)—(a121+- - - +apmzy,) is a defin-
able Morse function on U; and |ay], ..., |anm]
are sufficiently small. By Theorem 3.3, we
have a definable C" function h; : X — R
such that h; is identically 1 on some defin-
able open neighborhood V; of K; in U, h; is
identically 0 outside of some definably com-
pact set L; with V;, C L; C Uy and 0 < hy <
1. We define f,: X — R, fi = fi_1(xq,. ..,
Tm)— (@114 - A amxy)hy(x, ... 2y) on U
and f; = fi_1(z1,...,x,) outside of L;. By
the definition of f;, f; is a definable C" func-
tion on X.

Calculatlng onU, |fi-i(p)—filp \

+ -+ a/mxm|hl( )7 85; 1( ) -

a1
| =

= |
G- ()

Iaihz(p) + (@y + o+ amxm)gﬁl W1 <

. 02 fi ) el

P <m, |l p) —f P = |2 (p) +
2

a5 G (p) + (a1 ++ -+ ) 5o (p)], 1 <

i,7 < m, where p = (x1,...,Tn).

By the construction of h; and since X
is definably compact, |k, |a;”| | O%hy | are

Ox;0x;
bounded. Thus f; is a (C?,4]) approxima-
tion of f;_; on K if \all,...,|am\ > 0 are
sufficiently small.

We now consider on K; when j # L.
Since f;_1 = f; outside of L;, we only have
to evaluate them on K;NL;. Since K;NL; C
U;NU,, they are evaluated by the Jacobian of
(Uj, (y1, - - -, ym)) between (Up, (z1,...,%m)).
It is bounded on K; N L; because K; N L;
is definably compact. Thus they are suffi-
ciently small if |ai|,...,|a,| > 0 are suffi-
ciently small. Hence f; is a (C?,4;) approx-
imation of f;_;. By Proposition 3.7, f; has
no degenerate critical points in C;_;. By the
construction of f;, f; has no degenerate crit-
ical points in K;. Thus there are no degen-
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erate critical points of f; in C) = U_, K.
Therefore fi. : X — R is the required defin-

able Morse function on X. ]
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