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Abstract

Let G be a definably compact definable C" group and 1 < r < oo. Let X be a definable
C"G submanifold of a representation of G and Y a definable C” submanifold of R". We
prove that every G invariant surjective submersive definable C” map f : X — Y is piecewise

definably C"G trivial.
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1. Introduction.

Let N = (R,+,-,<,...) be an o-minimal
expansion of a real closed field R. FEvery-
thing is considered in N, the term “defin-
able” is used throughout in the sense of “de-
finable with parameters in N7, each defin-
able map is assumed to be continuous and
1 <r < oo unless otherwise stated.

General references on o-minimal struc-
tures are [2], [3], also see [12].

Definable C" manifolds are studied in [11],
[1], and definable C"G manifolds are studied
in [5], [10]. If R is the field R of real numbers,
then definable C"G manifolds are considered
in [9], (8], [7] [6].

Let f be a G invariant surjective sub-
mersive definable C" map from a definable
C"G manifold X to a definable C” mani-
fold Y. We say that f is definably C"G

trivial if there exist a definable C"G dif-
feomorphism k& : X — Y x f~(a) with
f = pok, where a € X and p denotes
the projection Y x f~(a) — Y. We call f
piecewise de finably C"G trivial if there ex-
ist a finite partition {C;}; of Y into definable
C" submanifolds such that each f|f~!(C;) is
definably C"G trivial.

A definable C" manifold X possibly with
boundary is definably compact if for every
a,b € RU {oo} U{—o0} with a < b and
for every definable map f : (a,b) — X,
lim, ,.0 f(z) and lim, ., o f(x) exist in X.

If R =R, then for any definable C" sub-
manifold X of R", X is compact if and only
if it is definably compact. In general a defin-
ably compact definable C" manifold is not
necessarily compact. For example, if R =
Ry, then [0, 1], = {7 € Ryyl0 < 2 < 1}
is definably compact but not compact.
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Theorem 1.1. Let G be a definably com-
pact definable C™ group and 1 < r < oo.
Let X be a definable C"G submanifold of a
representation of G and Y a definable C”
submanifold of R™. Then every G invari-
ant surjective submersive definable C" map
f X =Y s piecewise definably C"G triv-
1al.

If R is the field R of real numbers, The-
orem 1.1 is proved in [9].

A non-definably compact definable C"G
manifold is de finably compactifiable as a
definable C"G manifold if it is definably
C"G diffeomorphic (definably G homeomor-
phic if » = 0) to the interior of some defin-
ably compact definable C"G manifold with
boundary.

Theorem 1.2. Let G be a definably com-
pact definable C" group and 2 < r < o0.
Then every definable C"G submanifold X of
a representation 2 of G such that 2 — {0}
has one orbit type and 0 & X is either defin-
ably compact or definably compactifiable as a
definable C"~'G manifold, where X denote
the closure of X.

If R =R, then a stronger result of The-
orem 1.2 is proved in [9)].

In the rest of Introduction, we assume
R=R.

Let L > 0 and X C R"Y C R™ de-
finable sets. A definable map f: X — Y
is a definable L-Lipschitz map if for any
x,y € X, f satisfies the inequality ||f(x) —

fW)ll < Lilz =yl

Theorem 1.3. Let G be a compact defin-
able C? group, X a definable C*G subman-
ifold of a representation of G such that X
has one orbit type. LetY a definable C* sub-
manifold of R™, f : X — Y a G nvariant
definable L-Lipschitz map, e : X — (0,00)
a G invariant definable function and € > 0.
Then there exists a G invariant definable C*
(L + €)-Lipschitz map h : X — 'Y such that
l|h— fl| <eonX.

2. Proof of results.

Let U C R™,V C R™ be definable open
sets and f : U — V a definable map. We
say that f is a definable C" map if f is of
class C". A definable C" map is a definable
C" dif feomorphism if f is a C" diffeomor-
phism.

Definition 2.1. A Hausdorff space X is
an n-dimensional definable C™ manifold if
there exist a finite open cover {U;}*_, of X,
finite open sets {V;}¥_; of R™, and a finite
collection of homeomorphisms {¢; : U; —
Vit | such that for any i, j with U;NU; # 0,
¢:(U;NU;) is definable and ¢;0¢; " : ¢:(U;N
U;) — ¢;(U;NU,) is a definable C" diffeo-
morphism. This pair ({U;}r_,{¢: : U; —
ViYE_)) of sets and homeomorphisms is called
a definable C" coordinate system. We can
define a definable C" manifold with bound-

ary.

Let G be a definable group. Let f be a
G invariant surjective definable map from a
definable GG set X to a definable set Y. We
say that f is definably G trivial if there ex-
ist a definable G homeomprphism &k : X —
Y x f~}a) with f = pok, where a € X and
p denotes the projection Y x f~1(a) — Y.

By a way similar to the proof of 2.5 [9],
we have the following theorem.

Theorem 2.2. Let G be a definably com-
pact group, X a definable G set, Y a defin-
able set and f : X — Y a G invariant de-
finable map. Then there exists a finite parti-
tion {C;}; of Y into definable sets such that
each fIf~1(Cy) : f7HC;) — C; is definably
G trivial.

By the C" cell decomposition theorem
(e.g. 7.3.3.2 [2]), we have the following lem-
ma.

Lemma 2.3. Let X,Y be definable C"
submanifolds of R™, R™, respectively, and 1
< r < oo. For every definable map f :
X — Y, there exists a definable open sub-
set Z such that f|Z : Z — Y is a definable
C" map and dim(X — Z) < dim X.
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Proof of Theorem 1.1. We proceed by
induction on dim X. If dimX = 0, X is
a finite set. Thus the result is clear. As-
sume dim X = [ > 0. By Theorem 2.2,
there exists a finite partition {D;} of Y into
definable sets such that each f|f~'(D;) :
f~YD;) — D; is definably G trivial. Ap-
plying a C" cell decomposition of Y com-
patible with {D;} and replacing them, we
may assume that each D; is a definable C”
submanifold of Y.

Let X; = f~'(D;). Then since f is G
invariant and submersive, X; is a definable
C"G submanifold of X. If dim X; < [, then
f1X; : X; — D, is piecewise definably C"G
trivial by the inductive hypothesis. We now
consider the case where dim X; = [. Note
that f|X; : X; — D; is a submersion.

Since f|X; : X; — Dj is definably G
trivial, there exists a definable G' map h; :
Xj — F} such that (f‘X],hj) . X] — D] X
F; is a definable G homeomorphism, where
F; = f~Y(aj),a; € D;. Note that F} is a
definable C""G submanifold of X since f is
submersive. Applying Lemma 2.3 to h;, we
have a G invariant definable closed subset X’
of X; such that dim X} < [ and h;|X; — X7
Xj — X — hi(X; — X}) C Fjis a defin-
able C"G map. Since X; — X7 is open and
G invariant in X, f(X; — X}) is a (¢ invari-
ant definable open subset of f(X;). Hence
(f, hi)| X5 — X5+ X; = Xi — f(X; — X}) X
hj(X; — X}) is a definable C"G' map. Ap-
plying the same argument to the inverse of
(f; hyj)|X; — X7, we obtain a G invariant de-
finable closed subset W; of X; — X7 and a
G invariant definable closed subset W; of
f(X;—X7) x hj(X; — X7) such that dim W},
dim W < [ and (f, hy)|(X; — X} — Wj) -
X = X; =W — (f(X; = X5) x hy(X; -
X7)) — W) is a definable C"G' diffeomor-
phism. Let {U} be a C" cell decomposition
of Xj — Xi — W;. Since (f, h;)(W;) = W,
cach (f,h)|UF : UF — F(UY) x hy(U}) is a
definable C"G diffeomorphism. Take a C”
cell decoposition {Ey} of f(X};UW;). Then
each f~!(E}) is a definable C"G submani-
fold of X and f|f~*(Ex) : f~(Er) — Ex
satisfies the inductive hypothesis. Hence it
is piecewise definably C"G trivial. ]

Theorem 2.4 ([1]). Let A be a definable
closed subset of R" and 0 < r < oo. Then
there exists a definable C" function f : R" —
R such that A= f~1(0).

Theorem 2.5 ([10]). Let G be a defin-
ably compact definable C" group, H a defin-
able C" subgroup of G, X an affine definable
C"G manifold and 1 < r < oo. Suppose that
every orbit in X has type G/H. Then the or-
bit space X/G admits a unique structure of

affine definable C"' manifold such that:

(1) The orbit map m: X — X/G is a de-
finable C™~1 map.

(2) For any definable C™~' manifold Y and
amap h: X/G — Y, h is a definable
C™ Y map if and only if so is ho.

Proposition 2.6. Let G be a definably
compact definable C" group, X a definable
C"G submanifold of a representation €1 of
G such that Q — {0} has one orbit type and
0¢Z X and 2 <r < oo. Then X is definably
C™ LG imbeddable into Q x R? such that X
is bounded and X — X consists of at most

one point, where X denotes the closure of
X.

Proof. We may assume that X is non-
definably compact. Then X — X is a G
invariant definable closed subset of 2. Let
7:Q—{0} = (2—{0})/G(C R*) be the or-
bit map. Then 7 is definably proper. Thus
7(X — X) is a definable closed subset of R®.
By Theorem 2.4, there exists a definable C”
function f : R® — R with 7((X — X) =
f7%0). By Theorem 2.5, 7 is a definable
C™ ! map. Thus replacing X by the graph
of 1/(f o), we may assume that X is a de-
finable C™'G submanifold of ) x R which
is closed in 2 x R. Using the stereographic
projection s : Q2 x R — S(Q x R?), s(X) sat-
isfies our conditions, where S(Qx R?) denote
the unit sphere of € x R2. O

Proposition 2.7. Let X be a definable
C" submanifold of R" and {U;}'_, a finite
definable open cover of X and 1 < r < oo.
Then there exist definable C™ functions A,
ooy N 0 X — R such that 0 < \; < 1, supp
N C Uy and Yo, Ni(z) =1 for any = € X.
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We call {\;} in Proposition 2.7 a defin-
able C" partition of unity subordinate to
{U:}.

Proof of Proposition 2.7. As in the
proof of Proposition 2.6, we may assume that
X is closed in R™. Hence every R" — U; is
a definable closed subset of R™. By Theo-
rem 2.4, we have a definable C" function h; :
R™ — R with h; 1(0) = R" —Uj;. For every i,
define V. = {I S X|hz(l’) > %maxlgjgl h](.??
)}. Then {V;}._, is a definable open cover
of X and the closure V; of V; in X lies in U;.
By Theorem 2.4, there exists a definable C"
function h} : R" — R with b, '(0) = R"—V;.
Hence \; := hi/ S0 ki1 < i < [, are the

required definable C" functions. O
Proposition 2.8. Let X be a definable

C"G submanifold closed in a representation
Q of G such that Q@ — {0} has one orbit type
and 0 ¢ X and {U;}._, a finite G invariant
definable open cover of X and 2 < r < oo.
Then there exist G invariant definable C"~1
functions \,..., N : X — R such that 0 <
A <1, supp \; C U; and Zizl Xi(z) =1 for
any x € X.

We say that {\;} in Proposition 2.8 is an
equivariant definable C"=' partition of
unity subordinate to {U;}

Proof of Proposition 2.8. By Theorem
2.5, the orbit map 7 : Q2 — {0} — (Q —
{0})/G C R? is a definable C"~! map. Since
X : X — X/G is open, {7(U;)}._; is
a finite definable open covering of a defin-
able C"! manifold X/G. Note that 7(X) is
closed in R® because X is closed in 2. By
Proposition 2.7, we can find a definable par-
tition of unity {\;}\_, subordinate to {7 (U;)

L. Thus A\; == Mom,....,\ = o~
are the required G invariant definable C"~!
functions. O

Proof of Theorem 1.2. Assume that X
is non-definably compact. By Proposition

2.6, we can find a representation €2 of G' and
a definable C"7'G imbedding i : X — Q

such that ¢(X) is bounded and i(X)—i(X) =

{0}, where i(X) denotes the closure of X in
Q.

Let f :i(X) — R, f(z) = ﬁ, where
||z|| denotes the standard norm of x in €.
By Theorem 1.1, there exist a positive el-
ement k € R and a definable C"'G dif-
feomorphism h := (f, hy) : f71((k,00)) —
(k,00) x f71(k). If k is sufficiently large,
then ([0, k]) is a definably compact C"~!
G manifold with boundary. Hence using h
and by construction of i(X) and Proposi-
tion 2.8, i(X) is definably C"'G diffeomor-
phic to f~1([0,%)) which is the interior of
F7H[0, K]). O

Proof of Theorem 1.3. Since X is a
definable C? manifold with one orbit type
and by Theorem 2.5, X/G is a definable C!
submanifold in some R™ and the orbit map
7: X — X/G is a definable C' map. Since
f, e are G invariant, they induce a definable
map f : X/G — Y and a definable function
€: X/G — Rsuchthat f=7o f,e=moe.
Since f is L-Lipschitz, f is L’-Lipschitz for
some L' > 0. By [4], there exists a definable
C' (L' + €)-Lipschitz map h : X/G — Y
such that ||h — f|| < e Therefore h = T oh
is the required definable C'! (L+¢)-Lipschitz
map X — Y. ]
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